
Received 10 January 2016

Accepted 12 October 2016

Geometric Power Lindley Poisson Distribution: Properties  
and Applications  

Mahmoud M. Mansour 

Department of Statistics, Mathematics and Insurance, 
 Benha University, Egypt 

Mahmoud.mansour@fcom.bu.edu.eg 
 

Mohammad Ahsanullah 

Department of Management Sciences, Rider University 
 Lawrenceville, NJ 08648-3009 

 ahsan@rider.edu 
 

Zohdy M. Nofal  

Department of Statistics, Mathematics and Insurance,  
Benha University, Egypt 
dr_znofal@hotmail.com 

 

Omar H. Khalaf 

Department of Statistics, Mathematics and Insurance, 
 Benha University, Egypt 

 

 
 

Abstract 

In this Paper, a new four-parameter distribution motivated mainly by dealing with series-parallel system is 
introduced. Moments, conditional moments and moment generating function of the new distribution including are 
presented. Estimation of its parameters is studied. characterization of the new model is introduced. 
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1. Introduction  

The quality of the procedures used in a statistical analysis depends heavily on the assumed probability model 
or distributions. In view of it, extensive exertion has been used in the improvement of huge classes of 
standard likelihood circulations alongside applicable measurable procedures. Sankaran (1970) introduced the 
discrete Poisson Lindley distribution by compounding Poission and Lindley distributions. Ghitany et al. 
(2008) investigated the properties of the zero-truncated Poisson-Lindley distribution. Bakouch et al. (2012) 
extended. Lindley distribution by exponentiation. Zakerzadeh and Dolati (2010) introduced and analyzed a 
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three-parameter generalization of the Lindley distribution, which was used by Mahmoudi and Zakerzadeh 
(2010) to derive an extended version of the compound Poisson distribution. Shanker et al. (2013) introduced a 
two-parameter Lindley distribution in which the one-parameter is a particular case, for modeling waiting and 
survival time data. Ghitany et al. (2013) introduced a two-parameter power Lindley distribution (PL) and 
discussed its properties. Nadarajah et al. (2011) proposed a generalized Lindley distribution (GL) and 
provided a comprehensive account of its mathematical properties. 

Nadarajah et al. (2013) introduced a two-parameter distribution which represent a general model by taking the 
probability density function and the cumulative distribution function of failure times to be given by 𝑓(𝑥) and 
𝐹(𝑥), respectively. Its cdf is given by  
 

𝐺(𝑥) =
𝑒𝑥𝑒(−𝜆 + 𝜆𝐹(𝑥)) − 𝑒−𝜆

1 − 𝑒−𝜆 − 𝛿 + 𝛿𝑒𝑥𝑒(−𝜆 + 𝜆𝐹(𝑥)), 
(1) 

for 𝑥 > 0, 𝜆 > 0 𝑎𝑎𝑎 0 < 𝛿 < 1. The corresponding probability density function is, 
 

𝑔(𝑥) =
𝜆(1 − 𝛿)(1 − 𝑒−𝜆)𝑓(𝑥)𝑒𝑥𝑒(−𝜆 + 𝜆𝐹(𝑥))

{1− 𝑒−𝜆 − 𝛿 + 𝜋𝑒𝑥𝑒(−𝜆 + 𝜆𝐹(𝑥))}2  
(2) 

Ghitany et al. (2013) introduced a new extension of the Lindley distribution called power Lindley distribution 

by its probability density function pdf 

 
𝑓(𝑥) =

𝜃2 𝛽𝑥𝛽−1

𝜃 + 1 �1 + 𝑥𝛽�𝑒−𝜃𝑥𝛽 ,𝑥 > 0,𝜃,𝛽 > 0. 
(3) 

The corresponding cumulative distribution function (cdf) is: 

 
𝐹(𝑥) = 1 −

𝜃 + 1 + 𝜃𝑥𝛽

𝜃 + 1
𝑒−𝜃𝑥𝛽 ,𝑥 > 0,𝜃,𝛽 > 0. 

(4) 

The rest of the article is organized as follows. In Section 2, introduces the proposed new model according to 
geometric Poisson G-family. In Section 3, The Expansion for the pdf and the cdf Functions is derived. 
Moments, conditional moments and moment generating function of the new distribution including are 
presented in Section 4. In Section 5, we introduce Characterizations of the new model. In Section 6, we 
introduce the method of likelihood estimation as point estimation Finally, we fit the distribution to real data 
set to examine it.  

2. Geometric Power Lindley Poisson Distribution 

Using f(x) and F(x) as given in (3) and (4) in (1), we obtain 

 
 

𝐺(𝑥) =
𝑒𝑥𝑒 �−𝜆 �𝜃 + 1 + 𝜃𝑥𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝛽� − 𝑒−𝜆

1 − 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒 �−𝜆 �𝜃 + 1 + 𝜃𝑥𝛽
1 + 𝜃 � 𝑒−𝜃𝑥𝛽��

, 

 

(5) 

for 𝑥 > 0,𝜃 > 0,𝜆,𝛽 > 0 𝑎𝑎𝑎 0 < 𝛿 < 1. The corresponding probability density function is, 
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𝑔(𝑥) =

𝜆𝜃2(1 − 𝛿)𝛽𝑥𝛽−1(1− 𝑒−𝜆)(1 + 𝑥𝛽)

(1 + 𝜃) �1− 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒 �−𝜆 �𝜃 + 1 + 𝜃𝑥𝛽
1 + 𝜃 � 𝑒−𝜃𝑥𝛽���

2, 
 

 
× 𝑒𝑥𝑒 �−𝜃𝑥𝛽 − 𝜆 �

𝜃 + 1 + 𝜃𝑥𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝛽� 
(6) 

for 𝑥 > 0,𝜃 > 0,𝜆,𝛽 > 0 𝑎𝑎𝑎 0 < 𝛿 < 1. We shall refer to the distribution given by (5) and (6) as the 

geometric power Lindley Poisson (GPLP). The parameters, λ, β and 𝛿, control the shape. The parameter, θ, 

controls the scale. The failure rate function associated with (6) is given by 

 
ℎ(𝑥) =

𝜆𝜃2(1− 𝛿)𝛽𝑥𝛽−1(1− 𝑒−𝜆)(1 + 𝑥𝛽)

(1 + 𝜃) �1 − 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒 �−𝜆 + 𝜆 �𝜃 + 1 + 𝜃𝑥𝛽
1 + 𝜃 � 𝑒−𝜃𝑥𝛽���

 
 

 

×
𝑒𝑥𝑒 �−𝜃𝑥𝛽 − 𝜆 + 𝜆 �𝜃 + 1 + 𝜃𝑥𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝛽�

�1 − 𝑒𝑥𝑒�−𝜆 �𝜃 + 1 + 𝜃𝑥𝛽
1 + 𝜃 � 𝑒−𝜃𝑥𝛽��

. 

 

(7) 

Also, the reversed failure rate function 

ℎ𝑟(𝑥) =
𝜆𝜃2(1 − 𝛿)(1 − 𝑒−𝜆)(1 + 𝑥)𝑒𝑥𝑒 �−𝜃𝑥 − 𝜆 �𝜃 + 1 + 𝜃𝑥

1 + 𝜃 � 𝑒−𝜃𝑥�

(1 + 𝜃) �𝑒𝑥𝑒 �−𝜆 �𝜃 + 1 + 𝜃𝑥
1 + 𝜃 � 𝑒−𝜃𝑥� − 𝑒−𝜆� {1 − 𝑒−𝜆 − 𝛿[1 − 𝑒𝑥𝑒(−𝜆𝑒−(𝛽𝑥)𝛼)]}

. 

Figure 1 (a) and (b) provide some plots of the GPLP density curves for different values of the parameters 

𝜆,𝜃,𝛽 and 𝛿. 

 
(a) 

 
(b) 

Fig. 1.  Plots of the GPLP density function for some parameter values.(a) For 𝜆=0.9, 𝜃=2, 𝛽=1 and 𝛿 =0.1 (blue line), 𝜆=2, 𝜃=1 , 
𝛽=0.7 and 𝛿 =0.2 (red line), 𝜆=18, 𝜃=1 , 𝛽=0.8 and 𝛿 =0.9 (orange line) 𝜆=0.5, 𝜃=1 , 𝛽=0.8 and 𝛿 =0.1 (green line), 𝜆=0.5, 𝜃=1 , 
𝛽=1.2 and 𝛿 =0.5 (green yellow line), 𝜆=4, 𝜃=2 , 𝛽=0.8 and 𝛿 =0.5 (hot pink line) (b)  For 𝜆=30, 𝜃=1, 𝛽=1 and 𝛿 =0.2 (blue 
line), 𝜆=4, 𝜃=1 , 𝛽=0.7 and 𝛿 =0.3 (red line), 𝜆=10, 𝜃=1 , 𝛽=0.7 and 𝛿 =0.3 (orange line) 𝜆=8, 𝜃=1 , 𝛽=0.8 and 𝛿 =0.9 (green 
line), 𝜆=1.4, 𝜃=1 , 𝛽=1.2 and 𝛿 =0.2 (green yellow line), 𝜆=10, 𝜃=2 , 𝛽=0.8 and 𝛿 =0.5 (hot pink line). 
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3. Expansion for the pdf and the cdf functions 

In this section we give another expression for the pdf and the cdf functions using the Maclaurin and Binomial 
expansions for simplifying the pdf and the cdf forms. 

3.1. Expansion for the pdf function 

 
We can rewrite (6) as, 

𝑔(𝑥) =
𝜆𝜃2(1−𝛿)𝛽𝑥𝛽−1(1−𝑒−𝜆)(1+𝑥𝛽)𝑒𝑥𝑒�−𝜃𝑥𝛽−𝜆�𝜃+1+𝜃𝑥

𝛽
1+𝜃 �𝑒−𝜃𝑥

𝛽
�

(1+𝜃)(1−𝑒−𝜆−𝛿)2

⎣
⎢
⎢
⎡
1+

𝜋𝑒𝑥𝑒�−𝜆�𝜃+1+𝜃𝑥
𝛽

1+𝜃 �𝑒−𝜃𝑥𝛽�

1−𝑒−𝜆−𝛿
⎦
⎥
⎥
⎤
2 . 

 

(8) 

We have 

 
(1 − 𝑧)−𝑏 = ��−𝑏𝑖 � (−𝑧)𝑖

∞

𝑖=0

,     |𝑧| < 1, 

and 

(9) 

 𝑒−𝑥 = �
(−𝑥)𝑖

𝑖!

∞

𝑖=0

, (10) 

Using (9), we can write (8) as 

 
𝑔(𝑥) =

𝜆𝜃2(1 − 𝛿)𝛽𝑥𝛽−1(1− 𝑒−𝜆)(1 + 𝑥𝛽)𝑒𝑥𝑒�−𝜃𝑥𝛽�
(1 + 𝜃)(1 − 𝑒−𝜆 − 𝛿)2 × 

 

 
          ��−2

𝑘 �
 ∞

𝑘=0

�
𝛿

1 − 𝑒−𝜆 − 𝛿
�
𝑘

 𝑒𝑥𝑒 �−𝜆(𝑘 + 1)�
𝜃 + 1 + 𝜃𝑥𝛽

1 + 𝜃 �𝑒−𝜃𝑥𝛽�. 
(11) 

Applying (10) to (11) for the term  𝑒𝑥𝑒 �−𝜆(𝑘 + 1) �𝜃+1+𝜃𝑥
𝛽

1+𝜃
� 𝑒−𝜃𝑥𝛽�, (11) can be written as: 

 
𝑔(𝑥) =

𝜆𝜃2(1 − 𝛿)𝛽𝑥𝛽−1(1− 𝑒−𝜆)(1 + 𝑥𝛽)𝑒𝑥𝑒�−𝜃𝑥𝛽�
(1 + 𝜃)(1 − 𝑒−𝜆 − 𝛿)2 × 

 

 
� �−2

𝑘 �
(−1)𝑗

𝑗!

∞

𝑘,𝑗=0

�
𝛿

1− 𝑒−𝜆 − 𝛿
�
𝑘

 𝜆𝑗(𝑘 + 1)𝑗 �1 +
𝜃𝑥𝛽

1 + 𝜃�
𝑗

𝑒−𝜃𝑗𝑥𝛽 . 
 

(12) 

Applying (9) to 12) for the term �1 + 𝜃𝑥𝛽

1+𝜃
�
𝑗
, (12) can be written as: 

Published by Atlantis Press
Copyright: the authors

316



 Geometric Power Lindley Poisson 

 
𝑔(𝑥) =

𝜆𝜃2(1− 𝛿)(1 − 𝑒−𝜆)𝛽
(1 + 𝜃)(1− 𝑒−𝜆 − 𝛿)2 � ��𝑗𝑖�

𝑗

𝑖=0

�−2
𝑘 �

(−1)𝑗𝜃𝑖

𝑗! (1 + 𝜃)𝑖

∞

𝑘,𝑗=0

× 
 

 
�

𝜋
1 − 𝑒−𝜆 − 𝜋

�
𝑘

 𝜆𝑗(𝑘 + 1)𝑗(1 + 𝑥𝛽)𝑥𝑖𝛽𝑥𝛽−1𝑒−(𝑗+1)𝜃𝑥𝛽 . 
(13) 

The pdf of GPLP distribution can then be represented as: 

 
𝑔(𝑥) = � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

(1 + 𝑥𝛽)𝑥𝛽(𝑖+1)−1𝑒−(𝑗+1)𝜃𝑥𝛽 , 
 

(14) 

Where 𝐴𝑘:𝑖 is a constant term given by: 

 
𝐴𝑘:𝑖 = �−2

𝑘 ��𝑗𝑖�
𝜃2+𝑖(1 − 𝛿)(1 − 𝑒−𝜆)(−1)𝑗𝛿𝑘  𝜆𝑗+1(𝑘 + 1)𝑗𝛽

(1 + 𝜃)𝑖+1(1− 𝑒−𝜆 − 𝛿)𝑘+2 𝑗!
. 

 

3.2. Expansion for the cdf function 

 
We can rewrite (5) as, 

 

𝐺(𝑥) =
𝑒𝑥𝑒 �−𝜆 �𝜃 + 1 + 𝜃𝑥𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝛽� − 𝑒−𝜆

(1 − 𝑒−𝜆 − 𝛿) �1 +
𝜋𝑒𝑥𝑒 �−𝜆 �𝜃 + 1 + 𝜃𝑥𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝛽�

1 − 𝑒−𝜆 − 𝛿 �

 

And applying the expansion in (9), the cdf function of the GPLP distribution can be written as: 

𝐺(𝑥) = ��−1
𝑘 �

𝜋𝑘 �𝑒𝑥𝑒 �−(𝑘 + 1)𝜆 �𝜃 + 1 + 𝜃𝑥𝛽
1 + 𝜃 � 𝑒−𝜃𝑥𝛽� − 𝑒𝑥𝑒 �−𝜆 − 𝑘𝜆 �𝜃 + 1 + 𝜃𝑥𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝛽��

(1 − 𝑒−𝜆 − 𝛿)𝑘+1
.

∞

𝑘=0

 

4. Statistical Properties 

 

In this section, moments, conditional moments, Moment Generating Function of the GPLP distribution. 

4.1. Moments 

 
The rthnon-central moments or (moments about the origin) of the GPLP under using equation (6) is given by: 

Published by Atlantis Press
Copyright: the authors

317



M. M. Mansour et al.  
 

𝜇𝑟 = 𝐸(𝑋𝑟) = � 𝑋𝑟𝑔(𝑥)d𝑥,
∞

𝟎

 

𝜇𝑟 = � 𝑥𝑟 � � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

(1 + 𝑥𝛽)𝑥𝛽(𝑖+1)−1𝑒−(𝑗+1)𝜃𝑥𝛽�d𝑥
∞

𝟎

, 

Then  

𝜇𝑟 = � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

�
Γ(𝑖 + 𝑟

𝛽 + 1)

𝛽 [(𝑗 + 1)𝜃](𝑖+𝑟𝛽+1)
� �1 +

𝑖 + 𝑟
𝛽 + 1

(𝑗 + 1)𝜃 �
,   

𝐸(𝑋|𝑋 ≤ 𝑥) =
1

𝛽 𝐺(𝑥) � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

�
Γ(𝑗+1)𝜃𝑥𝛽
𝑐 (𝑖 + 𝑟

𝛽 + 1)

[(𝑗 + 1)𝜃](𝑖+𝑟𝛽+1)
+
𝛤(𝑗+1)𝜃𝑥𝛽
𝑐 (𝑖 + 𝑟

𝛽 + 2)

[(𝑗 + 1)𝜃](𝑖+𝑟𝛽+2)
�, 

𝐸(𝑋|𝑋 ≥ 𝑥) = 1
𝛽[1−𝐺(𝑥)]

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 �

Γ
(𝑗+1)𝜃𝑥𝛽
𝑐 (𝑖+𝑟

𝛽+1)

[(𝑗+1)𝜃]
(𝑖+𝑟𝛽+1)

+
𝛤

(𝑗+1)𝜃𝑥𝛽
𝑐 (𝑖+𝑟

𝛽+2)

[(𝑗+1)𝜃]
(𝑖+𝑟𝛽+2)

�, 

where 𝛤𝛼(𝑎) = ∫ 𝑥𝑛−1𝛼
0 𝑒−𝑥𝑎𝑥 and  Γ𝛼𝑐(𝑎) = ∫ 𝑥𝑛−1∞

𝛼 𝑒−𝑥𝑎𝑥. 

4.2. The Moment Generating Function 

 
The moment generating function, 𝑀𝑥(𝑡), can be easily obtained as:  

𝑀𝑥(𝑡) = � e𝑡𝑥𝑔(𝑥)d𝑥,
∞

0

 

𝑀𝑥(𝑡) = � e𝑡𝑥 � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

(1 + 𝑥𝛽)𝑥𝛽(𝑖+1)+𝑟−1𝑒−(𝑗+1)𝜃𝑥𝛽d𝑥,
∞

𝟎

 

 

then, the moment generating function of the GPLP distribution is given by, 

 
𝑀𝑥(𝑡) = � �

𝐴𝑘:𝑖
[𝜃(𝑗 + 1) − 𝑡]𝑖+2

𝑗

𝑖=0

∞

𝑘,𝑗=0

{(𝜃(𝑗 + 1) − 𝑡)Γ(𝑖 + 1) + Γ(𝑖 + 2)}, 
 

then, the moment generating function of the GPLP distribution is given by, 
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𝑀𝑥(𝑡) = � �
𝐴𝑘:𝑖

[(𝑗 + 1)𝜃]�𝑖+
𝑟
𝛽+2�

𝑗

𝑖=0

∞

𝑘,𝑗=0

�((𝑗 + 1)𝜃 − 𝑡)Γ �𝑖 +
1
𝛽

+ 1� + Γ �𝑖 +
1
𝛽

+ 2��. 

 

5. Characterization 

To prove the main theorem, we need the following two Lemmas 

Lemma 1. 

Suppose that 𝑋 is an absolutely continuous random variable with cdf 𝐹(𝑥) with 𝐹(0) = 0 and 𝐹(𝑥) > 0 for 

all 𝑥 > 0. We assume that the pdf of 𝑋 as 𝑓(𝑥) and 𝑓′(𝑥) exists for 𝑎𝑎𝑎 𝑥 > 0., For a continuous function 

𝑔(𝑥) on 0 < 𝑥 < ∞ with finite 𝐸(𝑔(𝑥)) .if  𝐸(𝑔(𝑥)|𝑥 ≤ 𝑥) = ℎ₁(𝑥)𝑟(𝑥),where ℎ₁(𝑥) is a differential 

function in 𝑥 > 0 and 𝑟(𝑥) = 𝑓(𝑥)
𝐹(𝑥), then 𝑓(𝑥) = 𝑐 𝑒𝑥𝑒 �−∫ 𝑔(𝑢)−ℎ́(𝑢)

ℎ(𝑢)
𝑥
0 𝑎𝑑� and 𝑐 is determned by the 

condition ∫ 𝑓(𝑥)𝑎𝑥 = 1∞
0 . 

Proof. 

ℎ₁(𝑥) =
∫ 𝑔(𝑑)𝑓(𝑑)𝑎𝑑𝑥
0

𝑓(𝑥)
 

and 

�𝑔(𝑑)𝑓(𝑑)𝑎𝑑 = 𝑓(𝑥)
𝑥

0

ℎ₁(𝑥) 

Differentiating the above expression, we obtain 

−𝑔(𝑥)𝑓(𝑥)  =  𝑓(𝑥)ℎ₁′(𝑥)  + �́�(𝑥)ℎ₁(𝑥) 

On simplification, we have 

�́�(𝑥)
𝑓(𝑥)

=
𝑔(𝑥) + ℎ1′ (𝑥)

ℎ₁(𝑥)
 

Integrating both sides of the above equation, we obtain 

𝑓(𝑥) = 𝑐 𝑒𝑥𝑒�−�
𝑔(𝑥) + ℎ1′ (𝑥)

ℎ₁(𝑥)

𝑥

0

𝑎𝑥� 

and 𝑐 is determned by the condition ∫ 𝑓(𝑥)𝑎𝑥 = 1∞
0 . 
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Lemma 2. 

Suppose that 𝑋 is an absolutely continuous random variable with cdf 𝐹(𝑥) with 𝐹(0) = 0 and 𝐹(𝑥) > 0 for 

all 𝑥 > 0. We assume that the pdf of 𝑋 as 𝑓(𝑥) and 𝑓′(𝑥) exists for all 𝑥 > 0., For  a continuous function 

𝑔(𝑥) on 0 < 𝑥 < ∞ with finite 𝐸(𝑔(𝑥)) .if  𝐸(𝑔(𝑥)|𝑥 ≥ 𝑥) = ℎ(𝑥)𝑟(𝑥),where ℎ(𝑥) is a differential function 

in 𝑥 > 0 and , 𝑟(𝑥) = 𝑓(𝑥)
1−𝐹(𝑥), then 𝑓(𝑥) = 𝑐 𝑒𝑥𝑒 �−∫ 𝑔(𝑥)−ℎ́(𝑥)

ℎ(𝑥)
𝑎𝑥� and 𝑐 is determned by the condition 

∫ 𝑓(𝑥)𝑎𝑥 = 1𝑥
0 . 

Proof. 

ℎ(𝑥) =
∫ 𝑔(𝑑)𝑓(𝑑)𝑎𝑑∞
𝑥

𝑓(𝑥)
 

and 

� 𝑔(𝑑)𝑓(𝑑)𝑎𝑑 = 𝑓(𝑥)
∞

𝑥

ℎ(𝑥) 

Differentiating the above expression, we obtain 

𝑔(𝑥)𝑓(𝑥)  =  𝑓(𝑥)ℎ′(𝑥)  + 𝑓′(𝑥)ℎ(𝑥) 

On simplification, we have 

�́�(𝑥)
𝑓(𝑥)

= −
𝑔(𝑥) − ℎ′(𝑥)

ℎ(𝑥)
 

Integrating both sides of the above equation, we obtain 

𝑓(𝑥) = 𝑐 𝑒𝑥𝑒�−�
𝑔(𝑑) − ℎ′(𝑑)

ℎ(𝑑)

𝑥

0

𝑎𝑑� 

and 𝑐 is determned by the condition ∫ 𝑓(𝑥)𝑎𝑥 = 1∞
0 . 

    Theorem 1. 

 Suppose that X is an absolutely continuous random variable with cdf 𝐺(𝑥) with 𝐺(0) = 0 and 𝐺(𝑥) > 0 for 

all 𝑥 > 0. We assume that the pdf of 𝑋 as 𝑔(𝑥) and 𝑔′(𝑥) exists for all 𝑥 > 0.  

We assume 𝐸(𝑋𝑟) exists for 𝑟 ≥ 1. then  𝐸(𝑋𝑟|𝑋 ≤ 𝑥) = ℎ₀(𝑥)𝜏(𝑥), where 𝜏(𝑥)  = 𝑔(𝑥)
𝐺(𝑥)

 and  
ℎ0(𝑥) = 𝐴(𝑥)

𝐵(𝑥),  
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where 𝐴(𝑥) = ∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 �

𝛤(𝑗+1)𝜃𝑥𝛽
(𝑖+𝑟

𝛽+1)

𝛽 [(𝑗+1)𝜃]
(𝑖+𝑟𝛽+1)

+
𝛤(𝑗+1)𝜃𝑥𝛽

(𝑖+𝑟
𝛽+2)

𝛽 [(𝑗+1)𝜃]
(𝑖+𝑟𝛽+2)

� 

𝐵(𝑥) = 𝑔(𝑥)and 𝐴𝑘:𝑖 is given before  

if and only if 𝑔(𝑥) = ∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (1 + 𝑥𝛽)𝑥𝛽(𝑖+1)−1𝑒−(𝑗+1)𝜃𝑥𝛽   

    Proof. 

We have 

𝑔(𝑥)ℎ0(𝑥) = �𝑑𝑟𝑔(𝑑)𝑎𝑑
𝑥

0

 

 
= � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

�
𝛤(𝑗+1)𝜃𝑥𝛽(𝑖 + 𝑟

𝛽 + 1)

𝛽[(𝑗 + 1)𝜃](𝑖+𝑟𝛽+1)
+
𝛤(𝑗+1)𝜃𝑥𝛽(𝑖 + 𝑟

𝛽 + 2)

𝛽[(𝑗 + 1)𝜃](𝑖+𝑟𝛽+2)
� 

 = 𝐴(𝑥) 

where Γ𝛼(𝛽) = ∫ 𝑥𝛽−1𝑒−𝑥𝑎𝑥∞
𝛼  

Suppose that ℎ₀(𝑥) = 𝐴(𝑥)
𝑔(𝑥) , then 

ℎ0′ (𝑥) = 𝑥𝑟 −
𝐴(𝑥)

�𝑔(𝑥)�2
𝑔′(𝑥) 

ℎ0′ (𝑥) = 𝑥𝑟 − ℎ₀(𝑥)
∑ ∑ 𝐴𝑘:𝑖

𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1𝑥𝛽(𝑖+1)−2 + �𝑥𝛽(𝑖+2)−1�𝑥𝛽(𝑖+2)−2 − (𝑗 + 1)𝜃𝛽𝑥𝛽−1)𝑒−(𝑗+1)𝜃𝑥𝛽

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1)𝑒−(𝑗+1)𝜃𝑥𝛽

 

Thus 

𝑥𝑟 − ℎ0′ (𝑥)
ℎ₀(𝑥) =

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1𝑥𝛽(𝑖+1)−2 + �𝑥𝛽(𝑖+2)−1�𝑥𝛽(𝑖+2)−2 − (𝑗 + 1)𝜃𝛽𝑥𝛽−1)𝑒−(𝑗+1)𝜃𝑥𝛽

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1)𝑒−(𝑗+1)𝜃𝑥𝛽

 

Integrating both sides of the above equation we obtain 

𝑔(𝑥) = 𝑐 𝑒𝑥𝑒��
∑ ∑ 𝐴𝑘:𝑖

𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1𝑥𝛽(𝑖+1)−2 + �𝑥𝛽(𝑖+2)−1�𝑥𝛽(𝑖+2)−2 − (𝑗 + 1)𝜃𝛽𝑥𝛽−1)𝑒−(𝑗+1)𝜃𝑥𝛽

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1)𝑒−(𝑗+1)𝜃𝑥𝛽

�𝑎𝑥 

            = 𝑐 ∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 �𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1�𝑒−(𝑗+1)𝜃𝑥𝛽 , where c is a constant 
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and 

1
𝑐

= � � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

�𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1�𝑒−(𝑗+1)𝜃𝑥𝛽 .
∞

0

 

Theorem 2. 

Suppose that X is an absolutely continuous random variable with cdf 𝐺(𝑥) with 𝐺(0) = 0 and 𝐺(𝑥) > 0 for 
all 𝑥 > 0. We assume that the pdf of 𝑋 as 𝑔(𝑥) and 𝑔′(𝑥) exists for all 𝑥 > 0.  

We assume 𝐸(𝑋𝑟𝑟) exists for 𝑟 ≥ 1.then  𝐸(𝑋𝑟|𝑋 ≥ 𝑥) = ℎ1(𝑥)𝜏(𝑥), where 𝜏(𝑥)  = 𝑔(𝑥)
1−𝐺(𝑥)

 and ℎ1(𝑥) =

𝐴1(𝑥)
𝐵(𝑥) , 

where 𝐴1(𝑥) = 1
𝛽[1−𝐺(𝑥)]

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑗=0 �

𝛤
(𝑗+1)𝜃𝑥𝛽
𝑐 (𝑖+𝑟

𝛽+1)

[(𝑗+1)𝜃]
(𝑖+𝑟𝛽+1)

+
𝛤

(𝑗+1)𝜃𝑥𝛽
𝑐 (𝑖+𝑟

𝛽+2)

[(𝑗+1)𝜃]
(𝑖+𝑟𝛽+2)

� 

𝐵(𝑥) = 𝑔(𝑥) and 𝐴𝑘:𝑖 is given before  

if and only if 𝑔(𝑥) = ∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (1 + 𝑥𝛽)𝑥𝛽(𝑖+1)−1𝑒−(𝑗+1)𝜃𝑥𝛽   

 

Proof. 

We have 

𝑔(𝑥)ℎ1(𝑥) = � 𝑑𝑟𝑔(𝑑)𝑎𝑑
∞

𝑥

 

 
=

1
𝛽[1 − 𝐺(𝑥)] � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

�
𝛤(𝑗+1)𝜃𝑥𝛽
𝑐 (𝑖 + 𝑟

𝛽 + 1)

[(𝑗 + 1)𝜃](𝑖+𝑟𝛽+1)
+
𝛤(𝑗+1)𝜃𝑥𝛽
𝑐 (𝑖 + 𝑟

𝛽 + 2)

[(𝑗 + 1)𝜃](𝑖+𝑟𝛽+2)
� 

 = 𝐴1(𝑥) 

where Γ𝛼(𝛽) = ∫ 𝑥𝛽−1𝑒−𝑥𝑎𝑥∞
𝛼  

Thus ℎ1(𝑥) = 𝐴1(𝑥)
𝑔(𝑥)   

Suppose that ℎ1(𝑥) = 𝐴1(𝑥)
𝑔(𝑥)  , then 
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ℎ1′ (𝑥) = −𝑥𝑟 +
𝐴1(𝑥) 𝑔′(𝑥)

�𝑔(𝑥)�2
 

= −𝑥𝑟 + ℎ1(𝑥)
∑ ∑ 𝐴𝑘:𝑖

𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1𝑥𝛽(𝑖+1)−2 + �𝑥𝛽(𝑖+2)−1�𝑥𝛽(𝑖+2)−2 − (𝑗 + 1)𝜃𝛽𝑥𝛽−1)𝑒−(𝑗+1)𝜃𝑥𝛽

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1)𝑒−(𝑗+1)𝜃𝑥𝛽

 

Thus 

𝑥𝑟 + ℎ1́(𝑥)
ℎ1(𝑥) =

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1𝑥𝛽(𝑖+1)−2 + �𝑥𝛽(𝑖+2)−1�𝑥𝛽(𝑖+2)−2 − (𝑗 + 1)𝜃𝛽𝑥𝛽−1)𝑒−(𝑗+1)𝜃𝑥𝛽

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1)𝑒−(𝑗+1)𝜃𝑥𝛽

 

Integrating both sides of the above equation we obtain 

𝑔(𝑥) = 𝑐 𝑒𝑥𝑒��
∑ ∑ 𝐴𝑘:𝑖

𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1𝑥𝛽(𝑖+1)−2 + �𝑥𝛽(𝑖+2)−1�𝑥𝛽(𝑖+2)−2 − (𝑗 + 1)𝜃𝛽𝑥𝛽−1)𝑒−(𝑗+1)𝜃𝑥𝛽

∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 (𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1)𝑒−(𝑗+1)𝜃𝑥𝛽

�𝑎𝑥 

            = 𝑐 ∑ ∑ 𝐴𝑘:𝑖
𝑗
𝑖=0

∞
𝑘,𝑗=0 �𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1�𝑒−(𝑗+1)𝜃𝑥𝛽 , where c is a constant 

and 

1
𝑐

= � � �𝐴𝑘:𝑖

𝑗

𝑖=0

∞

𝑘,𝑗=0

�𝑥𝛽(𝑖+1)−1 + 𝑥𝛽(𝑖+2)−1�𝑒−(𝑗+1)𝜃𝑥𝛽 .
∞

0

 

 
 

6. Estimation of the Parameters  

 
In this section we introduce the method of likelihood to estimate the parameters. The maximum likelihood 

estimators (MLEs) for the parameters of the geometric power Lindley Poisson distribution GPLP(𝜆,𝜃, 𝛿,𝛽) is 

discussed in this section. Consider the random sample x1, x2, . . . , xn of size n from GPLP  (𝜆,𝜃, 𝛿,𝛽)  with 

probability density function in (6), then the likelihood function can be expressed as follows 
 

ℓ =
𝜆𝑛𝜃2𝑛(1 − 𝛿)𝑛(1 − 𝑒−𝜆)𝑛𝛽𝑛 ∏ 𝑥𝑖

𝛽−1𝑛
𝑖=1 ∏ (1 + 𝑥𝑖

𝛽)𝑛
𝑖=1 𝑒𝑥𝑒 �−𝜃∑ 𝑥𝑖

𝛽𝑛
𝑖=1 − 𝜆∑ �

𝜃 + 1 + 𝜃𝑥𝑖
𝛽

1 + 𝜃 �𝑛
𝑖=1 𝑒−𝜃𝑥𝑖�

(1 + 𝜃)𝑛 ∏ �1 − 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒�−𝜆 �
𝜃 + 1 + 𝜃𝑥𝑖

𝛽

1 + 𝜃 �𝑒−𝜃𝑥𝑖
𝛽
���𝑛

𝑖=1

2 . 

 

(15) 

Hence, the log-likelihood function, ℒ, becomes: 
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 ℒ = 𝑎 ln 𝜆 + 2𝑎 ln𝜃 + 𝑎 ln(1 − 𝛿) + 𝑎 ln(1 − 𝑒−𝜆)+ 𝑎 lnβ+∑ (𝛽 − 1)𝑎𝑎𝑥𝑖𝑛
𝑖=1   

 
−𝑎 ln(1 + 𝜃) + ��1 + 𝑥𝑖

𝛽� − 𝜃�𝑥𝑖
𝛽

𝑛

𝑖=1

− 𝜆��
𝜃 + 1 + 𝜃𝑥𝑖

𝛽

1 + 𝜃
�

𝑛

𝑖=1

𝑒−𝜃𝑥𝑖
𝛽

𝑛

𝑖=1

 
 

 
−2� ln �1 − 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒 �−𝜆 �

𝜃 + 1 + 𝜃𝑥𝑖
𝛽

1 + 𝜃
�𝑒−𝜃𝑥𝑖

𝛽
���

𝑛

𝑖=1

 
 

(16) 

Therefore, the MLEs of 𝜆,𝜃, 𝛿 and 𝛽 must satisfy the following equations: 

 𝜕ℒ
𝜕𝜆

=
𝑎
𝜆

+
𝑎

𝑒𝜆 − 1
−��

𝜃 + 1 + 𝜃𝑥𝑖
𝛽

1 + 𝜃
�𝑒−𝜃𝑥𝑖

𝛽
𝑛

𝑖=1

 
 

 

−2�
𝑒−𝜆 − 𝛿 �

𝜃 + 1 + 𝜃𝑥𝑖
𝛽

1 + 𝜃 � 𝑒𝑥𝑒 �−𝜃𝑥𝑖
𝛽 − 𝜆 �

𝜃 + 1 + 𝜃𝑥𝑖
𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝑖
𝛽
�

�1 − 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒 �−𝜆 �
𝜃 + 1 + 𝜃𝑥𝑖

𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝑖
𝛽
���

𝑛

𝑖=1

, 

 

(17) 

 𝜕ℒ
𝜕𝜃

=
2𝑎
𝜃
−

𝑎
1 + 𝜃

−�𝑥𝑖
𝛽

𝑛

𝑖=1

+
𝜆𝜃

(1 + 𝜃)2
��(2 + 𝜃)𝑥𝑖

𝛽 + (1 + 𝜃)𝑥𝑖
𝛽2�

𝑛

𝑖=1

𝑒−𝜃𝑥𝑖
𝛽

 
 

 

−�
2𝜆𝜃𝛿 𝑒𝑥𝑒 �−𝜃𝑥𝑖

𝛽 − 𝜆 �
𝜃 + 1 + 𝜃𝑥𝑖

𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝑖
𝛽
� �(2 + 𝜃)𝑥𝑖

𝛽 + (1 + 𝜃)𝑥𝑖
𝛽2�

(1 + 𝜃)2 �1 − 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒 �−𝜆 �
𝜃 + 1 + 𝜃𝑥𝑖

𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝑖
𝛽
���

,
𝑛

𝑖=1

 

 

(18) 

 
𝜕ℒ
𝜕𝜋

=
−𝑎

(1 − 𝛿)
+ 2�

1 − 𝑒𝑥𝑒 �−𝜆 �
𝜃 + 1 + 𝜃𝑥𝑖

𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝑖
𝛽
�

1 − 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒 �−𝜆 �
𝜃 + 1 + 𝜃𝑥𝑖

𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝑖
𝛽
��

𝑛

𝑖=1

, 

 

19) 

and  

 𝜕ℒ
𝜕𝛽

 = 𝑛
𝛽

 + �𝑎𝑎𝑥𝑖

𝑛

𝑖=1

+ (1 − θ)�𝑥𝑖
𝛽 𝑎𝑎

𝑛

𝑖=1

𝑥𝑖 − �
𝜃𝑥𝑖

𝛽 − 𝜃
1 + 𝜃

   � 𝑒𝑥𝑒�−𝜃𝑥𝑖
𝛽  𝜃𝑥𝑖

𝛽   𝑎𝑎𝑥𝑖� 

 

(20) −2�
𝜋 exp �−𝜆 �

𝜃 + 1 + 𝜃𝑥𝑖
𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝑖
𝛽
� �

𝜃𝑥𝑖
𝛽 − 𝜃

1 + 𝜃    � exp�−𝜃𝑥𝑖
𝛽  𝜃𝑥𝑖

𝛽  𝑎𝑎𝑥𝑖�

�1 − 𝑒−𝜆 − 𝛿 �1 − 𝑒𝑥𝑒 �−𝜆 �
𝜃 + 1 + 𝜃𝑥𝑖

𝛽

1 + 𝜃 � 𝑒−𝜃𝑥𝑖
𝛽
���

𝑛

𝑖=1
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 Geometric Power Lindley Poisson 

    The maximum likelihood estimator �̂� = ��̂�,𝜃�,𝛿, �̂�� of 𝜗 = (𝜆,𝜃, 𝛿,𝛽) is obtained by solving the nonlinear 
system of equations (17) through (20). It is usually more convenient to use nonlinear optimization algorithms 
such as quasi-Newton algorithm to numerically maximize the log-likelihood function. 
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